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Abstract

In this paperwe presenta new approachthat generalizes
theclassicKaratsubamultiplier technique.In contrastwith
versionsof this algorithm previously discussed[1, 2], in
our approachwe do not usecompositefields to perform
thegroundfield arithmetic. Themostattractive featureof
the new algorithmpresentedhereis that the degreeof the
definingirreduciblepolynomialcanbearbitrarily selected
by thedesigner, allowing theusageof primedegrees.
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1 Introduction

Arithmeticover �
�������
� hasmany importantapplications,
in particularin the theory of error control coding and in
cryptography[1, 2, 3]. Thehardware/softwareimplemen-
tation efficiency of finite field arithmetic is measuredin
termsof the associatedspaceandtime complexities. The
spacecomplexity is definedas the numberof XOR and
AND gatesneededfor theimplementationcircuit, whereas
thetime complexity is thetotalgatedelayof thecircuit.

Let ��������� �!����� and "�#��$�%�'&(�
��������� and )����%�
be the irreduciblepolynomialgenerating�
��������� . Mul-
tiplication in �
����� � � is defined as polynomial mul-
tiplication modulo the irreducible polynomial )��$�%� ,"�#*�����,+-�����%�.�/�$�%�1032546)������ . In orderto obtain "�#��$�%� ,
we canfirst obtaintheproductpolynomial "6����� of degree
at most �87:9;� , as

"6�����1+<�������=�/�$�%�>+?� �A@CBD EGFIHKJ E �
E
�L� ��@CBD EGFIHNM E �

E
� (1)

In a secondstepthe reductionoperationneedsto be per-
formed in order to obtain the 7-9
O degreepolynomial"�#*����� , which is definedas

" # �$�%�1+P"6�����Q��06254R)K�L�$�%��S (2)

Notice thatoncethat the irreduciblepolynomial )����%� has
beenselected,the reductionstepcanbe accomplishedby
usingXOR gatesonly.

Severalarchitectureshavebeenreportedfor multipli-
cationin �
�������T� . For example,efficientbit-parallelmul-
tipliers for bothcanonicalandthenormalbasisrepresenta-
tion have beenproposedin [4, 5, 6]. All thesealgorithms
exhibit a spacecomplexity U6�$7WVX� .

However, therearesomeasymptoticallyfastermeth-
odsfor finite field multiplications,suchasthe Karatsuba-
Ofman algorithm [7, 8]. Discoveredin 1962, it was the
first algorithmto accomplishpolynomialmultiplication in
under U6��7RVX� operations[9]. Karatsubamultiplierscanre-
sult in fewer bit operationsat the expenseof somedesign
restrictions,particularlyin theselectionof thedegreeof the
generatingirreduciblepolynomial 7 .

In [7, 8, 5] waspresentedaKaratsubamultiplier based
on compositefieldsof the type �
���.����YZ� [L� with 7-+]\_^ ,\`+a�8b , c an integer. However, for certainapplications,
especially, elliptic curve cryptosystems,it is importantto
considerfinite fields �
�������T� where 7 is not necessar-
ily a power of two. In fact, for this specificapplication
somesources[10] suggestthat, for securitypurposes,it is
stronglyrecommendedto choosedegrees7 for the finite
field, in therangedeO_fhgZ�ji5Ok�8l with 7 aprime.

In this paper, we discusssomealgorithmsthatimple-
mentgeneralizedfield Karatsubamultipliers in �
����� � � ,
where7 is anarbitraryinteger. Wepresentamodifiedver-
sionof theclassicKaratsubaalgorithmthatwe call binary
Karatsubamultipliers. The organizationof this paperis
asfollows: In m 2 we analyzethe conventionalKaratsuba
polynomialmultiplier techniquefor the particularcaseof�
�������T� with 7n+o��pk^ , q an integer. In m 3 and m 4 we
presentabinaryKaratsubamultiplier algorithm.Finally, inm 5 we discusstheimplicationsof theresultsfoundin this
research.

2 rtshu -bit Karatsuba Multipliers

Let thefield �
��������� beconstructedusingthe irreducible
polynomial )��$�%� of degree 7v+xwX^ , with wy+z��p , q an
integer. Let �N� � be two elementsin �
��������� . Both ele-



mentscanberepresentedin thepolynomialbasisas,

{ | }�~I�� �G�I�K� ��� � |�}�~I���e�A� � � ��� �%�
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� �
~I�� �e�I�R� � � �
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Then,usinglast two equations,the polynomialproductis
givenas� | � } {�� � � �;� {A� � � � {A� � �T� � � �3� {A� � ���

(3)

Karatsubaalgorithmis basedon the ideathat the product
of lastequationcanbeequivalentlywrittenas� | � } { � � � � { � � � �� { � � � � { � � � �<� { � � { � � � � � � � � � � � � �

| � } � � � � � �
(4)

Let usdefine �;� � | { � � { ����;� � | � � � � ���� � | � � � � � (5)

Using equation(4), andtaking into accountthat the poly-
nomialproduct

�
hasat most ���:��� coordinates,we can

classifyits coordinatesas� � | �  L¡ }�~ ¡�¢  L¡ }�~%£ ¢_�¤�_�L¢   }
�
� ¢   }A¥ �� � | �   }�~C� ¢   }A~ ¡�¢_�¤�¤�¤¢   � ¢  

�
¥ � (6)

Although (4) seemsto bemorecomplicatedthan(3), it is
easyto seethat equation(4) canbe usedto computethe
productat a cost of four polynomial additionsand three
polynomialmultiplications. In contrast,whenusingequa-
tion (3), oneneedsto computefour polynomialmultiplica-
tions andthreepolynomialadditions.Due to the fact that
polynomialmultiplicationsare in generalmuchmoreex-
pensive operationsthan polynomial additions,it is valid
to concludethat (4) is computationallysimpler than the
classicalgorithm. Karatsuba’s algorithm can be applied
recursively to the threepolynomialmultiplicationsin (4).
Hence,we canpostponethe computationsof the polyno-
mial products

{ � � � ¢ { � � �
and

�
, andinsteadwe can

split againeachoneof thesethreefactorsinto threepoly-
nomial products. By applying this strategy recursively,
in each iteration each degree polynomial multiplication
is transformedinto threepolynomialmultiplicationswith
their degreesreducedto abouthalf of its previousvalue.

Input: Two elements¦¨§�©«ª�¬�­¯®G°�±³² with ´¶µW·j¸TµR°L¹¤¸ , and
where ¦¨§*© canbeexpressedas,¦!µWº

� �
¦�»W¼�¦�½�§�©¾µWº

� �
©¨»R¼¿©¨½ .

Output: A polynomial ÀÁµR¦�© with up to °j´`Â�Ã coordinates,
where ÀRµWº ± À » ¼�À ½ .
Procedure Kmul °L¹ (C, A, B)
0. begin
1. if ( ·�µÄµÅÃ ) then
2. ÀRµW´AÆhÇ ¸È®É¦¨§*©¨² ;
3. return;
4. for i from Ê to Ë Ì¯Â�Ã do
5. ÍNÎIÏÈµW¦ ½Ï ¼6¦ »Ï ;
6. Í�Ð Ï µÁ© ½Ï ¼/© »Ï ;
7. end
8. ´AÆ�Çe° ¹ ®ÑÀ ½ §�¦ ½ §Ò© ½ ² ;
9. ´AÆ�Çe° ¹ ®ÑÍW§*Í�Î�§�Í3ÐÓ² ;
10. ´AÆ�Çe° ¹ ®ÑÀÄ»³§*¦�»³§*©¨»¯² ;
11. for i from Ê to ·�Â¿Ã do
12. Í Ï µ'Í Ï ¼�À ½Ï ¼¿À »Ï ;
13. end
14. for i from Ê to ·�Â¿Ã do
15. À>Ô�kÕ Ï�µ'À>Ô�kÕ Ïh¼�Í Ï ;
16. end
17. end

Figure1. � | ��Ök× -bit Karatsubamultiplier.

Eventually, after no morethan ØÑÙGÚ�Û ¡
�
� �*Ü

iterations,
all the polynomial operandscollapseinto single coeffi-
cients.In thelastiteration,theresultingbit multiplications
canbedirectlycomputed.Althoughit is possibleto imple-
menttheKaratsubaalgorithmuntil the ØÑÙGÚ�Û ¡ � Ü

iteration,
it is usuallymorepracticalto truncatethealgorithmearlier.
If the Karatsubaalgorithmis truncatedat a certainpoint,
the remainingmultiplicationscan be computedby using
alternative techniques(classicalgorithm,Mastrovito mul-
tipliers, and other techniques).The bestresultsare then
obtainedby using hybrid techniques,i.e., we useKarat-
subato reducethe multiplier complexity of relatively big
sizeoperands,followedby efficientalgorithmsto compute
themultipliersfor smallsizeoperands.

The algorithm presentedin figure 1 implementsthe
Karatsubastrategy for polynomialmultiplication. It canbe
shown that the spaceand time complexities of that algo-
rithm aregivenas,

#XORs Ý Þ } ßáàLâ ãåä
�
£
��æ

} ç �«�
� �;èXé ç ¡ ê���

æ
�

�
� �

#ANDs Ý
�
} ß � â ã ä

�
£ �ìë ß�í ¡ ê �

Delay Ý î í�ï*ð ëLñ ¡ ê
�ìò

îIóÁÙGÚ�Û ¡
�
} ß �1� (7)

In thiscaseit hasbeenassumedthattheblockselected
to implementthe ô
õ

�
� ß � arithmetichasa î í�ï*ð ë�ñ ¡ ê gate

delayassociatedwith it.
As it hasbeenmentionedabove, thehybrid approach

proposedhererequirestheuseof anefficientmultiplier al-
gorithmto performthen-bit polynomialmultiplications.It



canbeshown that thespaceandtime complexities for the
classicö n-bit multiplier aregivenas

# XORs ÷ ø$ùWú¶ûkü.ýAþ
# ANDs ÷ ùCý�þ

Delay ÿ ������������	�

����� ý ù���� (8)

Combiningthecomplexitiesgivenin equation(8), to-
getherwith the complexities of equation(7) we conclude
that the spaceand time complexities of the hybrid � -bit
Karatsubamultiplier truncatedat the n-bit multiplicand
level areupperboundedby

# XORs ÿ�� � ù���� ��� ��! ø$ù ý �#"�ùWú`ûXü�ú%$&�'�#(Kþ
# ANDs ÿ%) � ���*�,+.-�/ 0&1 ý�2 ÷ � � ù � � ��� � ! ù ý þ

Delay ÿ3� ����� ��� 	 ø4����� ý ù5��67����� ý�8 ü9� (9)

Table1 shows thespaceandtime complexities for thehy-
brid Karatsubamultiplier for the optimal casewhere � is
a power of two. The valuesof � presentedin table1 are
thefirst tenpowersof two. Notice that themultipliers for�x÷'û&:*(;:<6 areassumedto beimplementedusingtheclas-
sic methodonly. As we will seein = 3, thecomplexitiesof
the hybrid Karatusbamultiplier for degrees� ÷>(&? hap-
pento becrucialto find thehybridKaratsubacomplexities
for arbitrarydegreesof � .@ + 0 AND gates XOR gates TimedelayA A A A B CEDý A ý F A CHGJIKC DF A F AML N ý C.GJIKC DO ý F F O PQP L�C G IKCEDA<L F F A F�F ýåý P ARB*C G IKCED

! ý O F F ! ý S NQN A F CHGJIKC DL F AML F A ý NQL ý L F N AMO�C G IKCEDA ý O ! ý F ! O�OQO O F P�P ý ý C G IKCEDý PQL L F F AQA<LQL F ý L ! O�P ý L�CHGJIKC DP A ý A ý O F ! F NQN ý O*A�AMN�N ! B*CHGJIKC D
Table1. Spaceandtime complexities for several �z÷T(&? -
bit hybrid Karatsubamultipliers.

3 Binary Karatsuba Multipliers

In the lastsectionwe analyzedhybrid Karatsubamultipli-
ersfor compositedegreesof � . However, asit wasmen-
tionedin = 1, for cryptographicapplicationsit is advisable
to usefinite fieldsof primedegree.Therefore,it is impor-
tantto investigateageneralizedversionof thealgorithmin
figure1 that is not restrictedto specialcompositedegrees
of � . In this sectionwe presentan algorithmthat allows
usto implementabinaryKaratsubamultiplier for arbitrary
degreesof � . Wealsogivea rigorousanalysisof its corre-
spondingspaceandtimecomplexities.

3.1 Binary Karatsuba Strategy

Let us consider the multiplication of two polynomialsU :�VXWZY\[�ø]( @ ü , suchthat their degreeis lessor equal
to �zúPû , where � ÷^(�?\�`_ . As a very first approach,
wecouldpretendthatbothoperandshave ( ? IaA coordinates
each,wheretheir respective (�? IaA ú�_ mostsignificantbits
areall equalto zero. If we partition the operands

U
andV into two halfes,then,in orderto computetheir polyno-

mial multiplication, we canusethe algorithm in figure 1
with � ÷'(&? IaA . Although this approachis a valid one,it
clearly implies the wasteof several arithmeticoperations,
assomeof themostsignificantbits of theoperandsareze-
roes.However, if we wereableto identify theextra arith-
metic operationsandremove themfrom the algorithmin
figure1, we would thenbeableto find a quasi-optimalso-
lution for arbitrarydegreesof � . To seehow this canbe
done,considerthealgorithmshown in figure2, which has
beenadaptedfrom theonepresentedin figure1.

Input: Two elementsb7ced�f�gihkjml npo with m anarbitrary
number, andwhere bqced canbeexpressedasbsr�tvu � biw�xyb{z�ced|r�tvu � d7w}x5d7z .
Output: A polynomial ~�r}b{d with up to l*���y� coordinates,
where ~}r�t�nk~ w xy~ z .
Procedure mulgenm(C,A, B)
0. begin
1. �kr������ �H����� ;
2. �qrs�#��l�� ;
3. if ( �qr�r�� ) then
4. ~}r���������l � jmbqced7o ;
5. return;
6. for i from � to �7�y� do
7. ����� r�b{z� xybiw� ;
8. ��¡ � r�d z� x5d w� ;
9. end
10. ���&��l � j¢~�z�c]biz£cRd7z o ;
11. ���&��l � j¢��c¤���{ce��¡ao ;
12. ���&��¥§¦Q¨ �Hj©~ w c]b w ced w o ;
13. for i from � to l �9��l do
14. � � rª� � xy~ z� x5~ w� ;
15. end
16. for i from � to l �9��l do
17. ~ ��« � rª~ �*« � x5� � ;
18. end
19. end

Figure2. � -bit binaryKaratsubamultiplier.

In lines1-2 thevaluesof theconstants¬�:Q_ suchthat�(÷­(&?®�¯_ arecomputed.If _Á÷'° , i.e, if � is a power
of two, thenthebinaryKaratsubaalgorithmof figure2 re-
vertsto the specializedalgorithmin figure 1 presentedin
the previoussection. If that is not the case,our algorithm
usesthe constants¬ and _ to prevent us to computeun-
necessaryarithmeticoperations. In lines 6-9, the _ least
significantbits of - � and -²± of equation(5) arecom-



putedusing the ³ non-zerocoordinatesof ´�µ and ¶·µ .
Theremaininģ�¹�³ mostsignificantbits of º²» and º�¼
aredirectly obtainedfrom ´®½ and ¶�½ , respectively. No-
tice that theoperands,́�½i¾�¶·½{¾�º » and º ¼ areall ¿�À -bit
polynomials. Becauseof that, our algorithm invokes the
multiplier of figure1 in lines10and11. Ontheotherhand,
bothoperandś�µ and ¶·µ are ³ -bit polynomials,where³ ,
in general,is not a powerof two. Consequently, in line 12,
thealgorithmcallsitself in a recursivemanner. This recur-
sive call is invokedusingthe operand’s degreereducedto³ . Clearlyin eachiterationthedegreeof theoperandsgets
reduced,andeventually, aftera total of Á iterations(whereÁ is thehammingweightof thebinaryrepresentationof the
originaldegreeÂ ), thealgorithmends.

It canbeshown thatthespacecomplexity of them-bit
binaryKaratsubamultiplier of figure2 is givenas,

XOR Gates ÃÅÄ&Æ£ÇÈ ÉmÊ�Ë£Ì ¿�ºªÍ�ÎqÏ�Ð]¿ À*ÑMÒ�ÓÔJÕ�Ö Ð]×ØÐe¸ É Ó ³ É�ÙaÚ ¹�Û Ò ¾Ø¸ É Ó ÛÝÜ&³ ÉmÙaÚ ¹3× Ò¤ÞÓ ºªÍ\ÎqÏ·Ðe¿ À ß§à,á�Ò
AND Gates ÃÅÄ&Æ£ÇÈ ÉmÊ�Ë·â ¿&ºªÍ\Î » Ðe¿ À Ñ<ÒQã9Ó ºªÍ�Î Ï Ð]¿ À ß�à,á Ò ä

(10)
Where ³ Ë Ã Â%å¸ Ë Ã æ
ç�è�é Ç Âsêqå³ É Ã ³ É Æ

Ú ¹�¿&À*Ñ à,á å¸ É Ã æ
ç�è�é Ç ³
É êqåÁ Ã ÁØë,ÂsÂ�ì¤í�î ï�ð.ìeîñÁñò�Ð4Â Ò�ä (11)

ºªÍ�Î9Ï·Ð
ó Ò and ºªÍ�Îq»kÐ
ó Ò representtheXOR gateandthe
AND gatecomplexitiesof thealgorithmin figure1, respec-
tively, with óKÃô¿�À , ¸ aninteger.

Whereas,the associatedtime delayof the Â -bit bi-
naryKaratsubamultiplier of figure2, with Â not a power
of two, is givenas

TimeDelay ÃõºªÍ�Î9ö ÷¤ømù ú�Ð]¿�û�ü ý�þ ÿ�� � Ò Ó ×���ÏKå (12)

WhereºªÍ�Î ö ÷¤ømù ú Ð
ó Ò representsthetimecomplexity of the
algorithmin figure1, with óKÃ`¿&À , ¸ aninteger.

4 Binary Karatsuba Multipliers Revisited

The algorithm presentedin figure 2 achieves the goal of
obtainingamodularversionof theKaratsubaalgorithmfor
arbitrarydegreesof Â . However, that algorithmis ineffi-
cientfor certaindegreesof Â , especiallyfor thecaseswhen³����ô¿&À , Â Ã ¿&À Ó ³ . Fortunately, thereis analternative
approachthat can help us alleviate this problem. To see
this, let usexamineagainthealgorithmin figure2. In line
11 thealgorithmobtainsthevalueof thepolynomial º of
equation(5) via polynomialmultiplication usinga ¿�À -bit

multiplier block. If ¸	�¯¿ , thespacecostof a ¿&À -bit multi-
plier block is upperboundedby

XOR Gates 
 Û���
���À Æ Ú ¹�¿�À Ù � Ó ¿;å
AND Gates 
 Û���
���À Æ�Ç ä (13)

However, if ³����T¿&À , thereis a moreefficient way to ob-
tain º . Fromequation(5), we canreformulateº as,º Ã º » º ¼ ÃôÐ4´ µ Ó ´ ½vÒ Ð]¶ ½5Ó ¶ µ�Ò ÃÃ#´ ½ ¶ ½5Ó ´ ½ ¶ µ�Ó ´ µ ¶ ½5Ó ´ µ ¶ µ·ä

(14)
By applying the classic multiplier algorithm mentioned
previously, we can compute the products ´ ½ ¶ µ and´�µ�¶·½ at the spacecost of Ð]¿�ÀJ¹TÛ Ò Ð4³�¹ªÛ Ò XOR gates
and ¿�ÀE³ AND gateseach. Thus,usingequation(14), the
polynomial º canbeobtainedat aspacecostgivenas

XOR GatesÃ ¿ñÐe¿ À ¹�Û Ò Ð4³·¹�Û ÒvÓ ¿ Ð]¿ À�Ó ³K¹ Û Ò�ÓÓ Ð]¿&³K¹ Û ÒÃ ¿�³£Ð]¿ À Ó Û Ò ¹ Û&å
AND GatesÃ ¿�³�¿ À,ä (15)

If we computeº usingthis approach,we do not needto
computethe loop in lines 6-9 of the algorithmin figure 2
anymore,yielding an extra saving of ³ XOR gates.Con-
sideringthis, and by comparingequations(13) and (15),
weconcludethatthepolynomial º canbecomputedmore
efficiently by using the equation(14) ratherthan usinga¿&À -bit Karatsubamultiplier, if the following condition is
satisfied ³�� � Û���
���À Æ Ú ¹²¿&À Ù � Ó �¿ À ÙaÚ Ó Û � (16)

whereÂ Ãõ¿&À Ó ³ , ¸	�¯¿ .
Figure3 showsthealgorithmfor thebinaryKaratsuba

multiplier if condition(16)is satisfied.Noticethatequation
(14) is implementedin line 8 of thealgorithm.In practice,
for a givenarbitrarydegree Â , thedesignerhastheoption
to computethe polynomial º either implementingequa-
tion (14) or usinga ¿�À -bit Karatsubamultiplier block. The
bestoptioncanbeselectedafterevaluatingcondition(16).
In thenext sectionwe presenta designexamplethat illus-
tratesthisdesignprocess.

4.1 An Example

As a design example, let us consider the polynomial
multiplication of the elements ´ and ¶ �����yÐ]¿ Ú�� � Ò .
Since Ð<Û���� Ò Ç Ã Û&ÛÝÜ�Ü&Ü�Ü&ÜñÛ , the Hammingweight Á of
the binary representationof Â is Á Ã � . This implies
thatwe needa total of threeiterationsin orderto compute
the multiplication using the generalized Â -bit binary
Karatsubamultiplier. Additionally, we noticethat for this
caseÂ Ã Û����¯Ã ¿! Ó ��" .



Input: Two elements#%$'&)(�*,+.-0/2143 with 5768/:9,;�< , =?>@/ ,
andwhereA #B$C& canbeexpressedas#	6�DFE GH#,I�;�#HJK$'&�6�DFE G,&%I8;L&%J .
Output: A polynomial MN68#H& with up to /O5QP�R coordinates,
where M86�D 1 M I ;�M J .
Procedure mulgenm(C,A, B)
0. begin
1. =.6QSUTWV2XZY[5]\ ;
2. <B6	5^P_/:9 ;
3. if ( <B6`6�a ) then
4. M86Nb�5?c�de/:9!-0#B$'&%3 ;
5. return;
6. 5?c�df/:9g-hM J $i# J $j& J 3 ;
7. 5?c�dek�lnm <Z-oM I $i# I $'& I 3 ;
8. pq6rM J ;_5?c�d stdeu�vwvtxos2-0# J & I 3y;;H5?c�d s�deu�vnvtxhsO-0#,IB&BJz3�;@M`I ;
9. for i from a to /2={P|/ do
10. p~}�6rp~}�;�M J} ;LM I} ;
11. end
12. for i from a to /2={P|/ do
13. M 9w� } 6rM 9O� } ;Lp|} ;
14. end
15. end

Figure 3. � -bit binary Karatsubamultiplier if condition
(16)holds.

Usingequation(11), we find �!����� and ��������� .
Therefore,condition(16)yields

� � �����|���z���������O�:� �{�)� �O�t�F�.���� �O�t� � ��� � � � ���
Thus,in the first iterationit is preferableto obtain � us-
ing a � ��  -bit Karatsubamultiplier block. In this first it-
erationof the algorithm, we needa total of � ���^� ����¡and �z¢'� �O�t� � � ����£ �¥¤ ��� �   XOR gates,in order to
implementthe first loop (lines 9-12) andthe secondloop
(lines 16-19) of figure 2, respectively. We also needto
usetwo � �O� � � �!  -bit multiplier blocks, aswell as one
mulgen¦ ¢ ����£ multiplier block. Thelattermultiplier is im-
plementedin the seconditeration. In the seconditera-
tion we have § � �¨����� ��© �ª� , yielding � � �¨� and��«¬� � . From condition (16) we seethat ��«¬� �r­® � ��¯ �O°t±O² ± � « °t±n³�´n�F�« °t±t³ ± � � µ � � ¡ . Thus, in the seconditeration

it is better to compute � using equation(14). There-
fore, in thesecondandthird iterationswe needone � ¤ -bit
Karatsubamultiplier block, 2 classicalmultiplier blocks,
68 XOR gatesand1-bit multiplier.

We cancomputethe spaceandtime complexities of
thegeneralized�¶� ��·�� -bit binaryKaratsubamultiplier
usingequations(10), (12) and(15). We alsousethecom-

Figure4. Schematicdiagramof ageneralized�¸� ��·�� -bit
binaryKaratsubamultiplier

plexity figureslistedin table1, obtaining

# XORs � �g�   � � �r¹�ºB» ¢ � �!  £ � �   � �r¹�º{» ¢ � ¤ £� � ��¼K½ §:½y¾�¿Z¿�Àj§:» ¢ � ¤ÂÁ � £ � �r¹�ºB» ¢ � £� �g�   � � �  �¤ ��� � �   � � � ¤ ·]��� � ·]��¡� � ¡ � �g¤Â�
# ANDs � � �r¹�º{Ã ¢ � �!  £ � �r¹�ºBÃ ¢ � ¤ £ �� � ��¼K½ §:½y¾�¿Z¿�Àj§ » ¢ � ¤ÂÁ � £ � �r¹�º Ã ¢ � £� � ���  � �  ��� � · � ��� ��  ��� � · � ¡z� �

Delay � �r¹�º{Ä2ÅjÆfÇ2È ¢i�ÊÉUË ÌwÍ G[Î{Ï £ � ¤�Ð »� �r¹�º{Ä2ÅjÆfÇ2È ¢i�ÊÉUË ÌwÍ G ��Ñ � Ï £ � ¤�Ð »� � � Ð » � Ð Ã �
For most hardware implementationschemesof digital
logic, it is reasonableto assumethat the areacostsof an
AND gateand an XOR gateare of about1.26 units and
2.2 units, respectively, wherean areaof 1 representsthe
areacostof a NAND gate. Basedon this assumption,we
show in figure5 theestimatedtotalareaof thebinaryKarat-
subamultiplier in therangementionedabove,togetherwith
thecorrespondingareaestimationfor thehybridKaratsuba
multiplier (using ÒN� � ), thatwaspresentedin Ó 2.

5 Conclusions and Discussion of the Results

In this paperwe presenteda new approachthat general-
izesthe classicKaratusbamultiplier technique.The most
attractive featuresof the new algorithm presentedhereis
that the degreeof the definingirreduciblepolynomialcan
be arbitrarily selectedby the designer, allowing the usage
of primedegrees.In addition,thenew field multiplier leads
to architectureswhich show a considerablyimprovedgate
complexity whencomparedto traditionalapproaches.Fi-
nally, thenew multiplier leadsto highly modulararchitec-
turesandis thuswell suitedfor VLSI implementations.
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Figure5. Total areacomplexity of themodifiedbinaryand
hybridKaratsubamultipliers
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